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The QCD/HQET matching coefficient for the heavy-quark field is calculated up to four loops. It must be
finite; this requirement produces analytical results for some terms in the four-loop on-shell heavy-quark
field renormalization constant which were previously only known numerically. The effect of a nonzero
lighter-flavor mass is calculated up to three loops. A class of on-shell integrals with two masses is analyzed
in detail. By specifying our result to QED, we obtain the relation between the electron field and the Bloch–
Nordsieck field with four-loop accuracy.
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I. INTRODUCTION
Some classes of QCD problemswith a single heavy quark
can be examined in a simpler effective theory, the so-called
heavy quark effective theory (HQET, see, e.g., [1–3]). Let us
consider QCD with a single heavy flavor Q and nl light
flavors (nf ¼ nl þ nh, nh ¼ 1). The heavy-quark momen-
tum can be decomposed as p ¼ Mvþ k, where M is the
on-shellQmass, and v is some reference 4-velocity (v2¼1).
In the case of QED, it is called Bloch–Nordsieck effective
theory [4].
In the effective theory, the heavy quark (respectively
lepton) is represented by the field hv. The MS renormalized


















s ðμÞ; ξðnlÞðμÞÞZosQ ðgðnfÞ0 ; ξðnfÞ0 Þ
ZQðαðnfÞs ðμÞ; ξðnfÞðμÞÞZosh ðgðnlÞ0 ; ξðnlÞ0 Þ
: ð2Þ
Here ZosQ and Z
os
h are the on-shell field renormalization
constants (they depend on the corresponding bare cou-
plings and bare gauge-fixing parameters), and ZQ and Zh
are the MS renormalization constants. The covariant-gauge
fixing parameter is defined in such a way that the bare
gluon propagator is given by ðgμν − ξ0pμpν=p2Þ=p2; it is
renormalized by the gluon-field renormalization constant:
1 − ξ0 ¼ ZAðαsðμÞ; ξðμÞÞð1 − ξðμÞÞ. The 1=M correction
in (1) is fixed by reparametrization invariance [6].
The MS renormalized matching coefficient is obviously
finite at ε → 0, because it relates the off-shell renormalized
propagators in the two theories, which are both finite. The
ultraviolet divergences cancel in the ratios ZQ=ZosQ and
Zh=Zosh , because they relate renormalized fields; the infra-
red divergences cancel in ZosQ=Z
os
h , because HQET is
constructed to reproduce the infrared behavior of QCD;
the MS renormalization constants ZQ and Zh (purely off-
shell quantities) are infrared finite. If we assume that all
light flavors are massless we have Zosh ¼ 1: all loop
corrections vanish because they contain no scale, ultraviolet
and infrared divergences of Zosh mutually cancel. Taking
light-quark masses mi into account produces corrections
suppressed by powers of mi=M, see Sec. III.
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d log zðμÞ
d log μ
¼ γhðαðnlÞs ðμÞ; ξðnlÞðμÞÞ − γQðαðnfÞs ðμÞ; ξðnfÞðμÞÞ; ð3Þ
where the anomalous dimensions are defined as γi ¼
d logZi=d log μ (i ¼ Q, h). It is sufficient to obtain the
initial condition zðμ0Þ for some scale μ0 ∼M; zðμÞ for other
renormalization scales μ can be found by solving Eq. (3).
We choose to present the result for μ0 ¼ M.
The heavy-quark field matching coefficient zðμÞ has
been calculated up to three loops [5]. When the matching
coefficient is used within a quantity containing 1=ε
divergences, terms with positive powers of ε in zðμÞ are
needed; such terms were not given in [5]. We present the
four-loop result in Sec. II. Power corrections due to lighter-
flavor masses up to three loops are obtained in Sec. III. The
QED result, i.e., the four-loop relation between the lepton
field and the Bloch–Nordsieck field, is discussed in Sec. IV.
In Appendix A we provide analytic results for the decou-
pling coefficients for the strong coupling constant and the
gluon field up to three-loop order including linear ε terms.
Appendix B contains a detailed analysis of a class of on-
shell integrals with two masses. It allows us, in particular, to
obtain exact results for the three-loop term in the MS–on-
shell mass relation with a closed massless and a closed
lighter-flavor massive fermion loop (previously this term
was only known as a truncated series in this mass ratio).
II. THE QCD AND HQET
HEAVY-QUARK FIELDS
If we assume that all light flavors are massless, then (2)
gives
log zðμÞ ¼ logZosQ ðgðnfÞ0 ; ξðnfÞ0 Þ
− logZQðαðnfÞs ðμÞ; ξðnfÞðμÞÞ
þ logZhðαðnlÞs ðμÞ; ξðnlÞðμÞÞ: ð4Þ
The on-shell heavy-quark field renormalization constant
ZosQ depends on the bare coupling g
ðnfÞ
0 , the bare gauge
parameter ξ
ðnfÞ















The two-loop expression is known exactly in ε [7]; it
contains a single nontrivial master integral, further terms of
its ε expansion are presented in [8,9]. The three-loop term
has been calculated in [10,11]. At four loops, the terms with
n3l and n
2
l are known analytically [12], and the remaining





FðTFnhÞ2, CFðTFnhÞ3, dFFnh have













where NR ¼ Tr1R (with R ¼ F), dabcdR ¼ TrtðaR tbRtcRtdÞR
(with R ¼ F or A), and the round brackets mean
symmetrization (for SUðNcÞ gauge group dFF ¼ ðN2c − 1Þ
ðN4c − 6N2c þ 18Þ=ð96N3cÞ, dFA ¼ ðN2c − 1ÞðN2c þ 6Þ=48).
This result contains the same master integrals as the
electron g − 2 [15,16]. In [15] they have been calculated
numerically to 1100 digits, and analytical expressions have
been reconstructed using PSLQ. In the case of the light-by-
light contribution dFFnh the results contain ε0 terms of 6
master integrals (known numerically to 1100 digits); all the
remaining constants are completely expressed via known
transcendental numbers. (Note that the definition of the
constant t63 is missing in the journal article [14]; it is
included in the version v3 of the arXiv publications.)
The MS quark-field anomalous dimension γq (and hence
logZQ) is well known [17–20]. The HQET field anomalous
dimension γh (and hence logZh) is known at three
loops [10,21]. At four loops, some color structures are
known analytically: CFðTFnlÞ3 [22], C2FðTFnlÞ2 [23,24],
CFCAðTFnlÞ2 [13], C3FTFnl [25], dFFnl [26], C2FCATFnl
and CFC2ATFnl [27]; CFC
3
A and dFA are known numeri-
cally [13].
We need to express the three terms in (4) in terms of the
same set of variables, for which we choose α
ðnfÞ
s ðμÞ and
ξðnfÞðμÞ. Expressing gðnfÞ0 and ξðnfÞ0 via these variables is
straightforward, since the three-loop renormalization con-
stants in QCD are well known. Expressing αðnlÞs ðμÞ and
ξðnlÞðμÞ via the nf-flavor quantities requires decoupling
relations up to OðεÞ at three loops. For convenience we
present explicit results in Appendix A.
The resulting matching coefficient zðMÞmust be finite at
ε → 0. This requirement together with the known results
for ZQ and Zh leads to analytical expressions for the four-
loop coefficients Z4;0, Z4;1, and Z4;2 in (5) as well as for
Z4;3, except two color structures CFC3A and dFA where the
corresponding terms in γh are not known analytically. The
analytic results are presented in the Tables I and II. We
refrain from showing results for the n2l and n
3
l terms, which
are already known since a few years [12]. Furthermore, we
have introduced an ¼ Linð1=2Þ (in particular a1 ¼ log 2);
ζn denotes the Riemann zeta function and ξ0 ¼ ξðnfÞ0 .
Analytical results for the color structures C4F, C
3
FTFnh,
C2FðTFnhÞ2, CFðTFnhÞ3, dFFnh were recently obtained
[14]. They agree with the expressions given in Tables I
and II. Numerical results for these coefficients are given in
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TABLE I. Coefficients Z4;n of the 1=ε4;3;2 terms entering the four-loop result Z4 in Eq. (5). Note that the color structures dFFnl, dFFnh,
dFA have zero coefficients.








ð3π2a1 − 92 ζ3 − 15364 π2 þ 1945256 Þ









































π2a1 þ 7531128 ζ3 − 1272160 π4 þ 20449864 π2 − 419083864 Þ
− 59
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ð57a4 þ 198 a41 − 274 π2a21 − 157132 π2a1 − 2516 ζ5 − 38 π2ζ3 þ 5045128 ζ3 þ 101160 π4 þ 335391536 π2 þ 238652048 Þ
C3FCA − 14 ð129a4 þ 438 a41 − 46712 π2a21 − 33263192 π2a1 þ 25ζ5 − 15716 π2ζ3 þ 5477128 ζ3 þ 267075760 π4 þ 46967576 π2 þ 2451833072 Þ
C2FC
2





ζ5 þ π23 ζ3 − 9532 ζ3 þ 3838640 π4 − 316 π2 − 1312Þ






π2a21 − 24916 π
2a1 þ 516 ζ5 − π
2
8













a21 þ 59192 ζ3 − 9111520 π4 þ 294608 π2 − 4076144Þ


























C2FðTFnhÞ2 −20a4 − 56 a41 − π
2
6
a21 þ 5536 π2a1 − 321312304 ζ3 þ 53720 π4 − 1166351840 π2 þ 16754513824

















ζ3 þ π216 þ 299 Þ
CFðTFnhÞ3 13 ð2π2a1 − 1279 ζ3 − 72114320 π2 þ 711433456 Þ
dFFnh − 18
C3FTFnl 9a4 þ 38 a41 − 3712 π2a21 − 125396 π2a1 þ 2532 ζ5 − π
2
8




a4 þ 20572 a41 þ 29536 π2a21 − 9289576 π2a1 − 60564 ζ5 þ 4516 π2ζ3 þ 751431152 ζ3 − 389270 π4 þ 995192 π2 − 1075794608





ζ5 þ 53 π2ζ3 − 292 ζ3 þ 4392160 π4 − π2 − 5312Þ
C2FT
2
Fnhnl − 13 ð100a4 þ 256 a41 þ 236 π2a21 − 20912 π2a1 þ 646796 ζ3 − 89 π4 þ 267193456 π2 − 1840194608 Þ
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the Tables V, VI, and VII of Ref. [13]. Good agreement
is found.
Using the matching coefficient zðμÞ together with
quantities which contains 1=ε divergences, terms with
positive powers of ε are needed. In order to get the finite
four-loop contribution, we need the αLs term in zðμÞ
expanded up to ε4−L. Our result for μ ¼ M is given by








































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































þ C3FCAð14.12 3.6Þ − C2FC2A½8.75607 2.9 − ð0.00269 0.0012Þξ
− CFC3A½142.552 0.82 − ð0.43649 0.00076Þξþ ð0.0205278 0.00012Þξ2



























































þ C2FCATFnh½14.893 0.083 − ð0.657352 0.00024Þξ
− CFC2ATFnh½3.1601 0.056 − ð0.198984 0.00013Þξþ 0.0244254ξ2
þ C2FðTFnhÞ2

L2 þ 120a5 þ
2749
48































































þ dFFnhLl − C3FTFnlð4.92605 0.0067Þ þ C2FCATFnlð15.0599 0.012Þ
þ CFC2ATFnl½166.421 0.031 − 0.134051ξ − C2FT2Fnhnlð5.08715 0.000074Þ
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where αs ¼ αðnfÞs ðMÞ, ξ ¼ ξðnfÞðMÞ. L0;l;1;2;3 are the ε0









in Eqs. (28–32) of [14]. Their numerical values are given in
Eqs. (5–9) of that paper. The finite four-loop terms of
Eq. (7) are equal to the corresponding finite four-loop terms
in ZosQ plus products of lower-loop quantities which are all
known analytically. For 14 out of 23 color structures these
coefficients in ZosQ are only known numerically [13]. We use
these numerical values, together with their uncertainty
estimates, from the Tables V, VI, and VII of that paper.
Note that in Ref. [13] ZosQ has been computed in an
expansion in ξ up to the second order; 9 out of these 19
color structures are obviously gauge invariant, and 7 more
seem to be either gauge-invariant or have at most linear ξ
terms (though we know no explicit proof). The remaining 3
structures (CFC3A, dFA,CFC
2
ATFnh) may contain terms with
higher powers of ξ, which are not known. The same is true
for the corresponding terms in zðMÞ in Eq. (7).
If we re-express zðMÞ in Eq. (7) via αðnlÞs ðMÞ, the terms
up to three loops agree with [5]. (Note that positive powers
of ε are not presented [5].) The α4sn3l term also agrees
with [5].
After specifying the color factors to QCD with Nc ¼ 3
we obtain for ε ¼ 0
























½5137.52 − 15.67ξþ 1.07ξ2
− ð1030.82 − 0.71ξÞnl þ 60.30n2l − 1.00n3l 
þOðα5sÞ: ð8Þ
In Landau gauge (ξðnfÞ ¼ 1) at nl ¼ 4 this gives

















































The comparison to Eq. (9) shows that up to four loops these
predictions are rather good. The coefficients are all negative
and grow very fast, which can be explained by the infrared
renormalon at u ¼ 1=2 [5]. This is the closest possible
position of a renormalon singularity in the Borel plane u to
the origin, and it leads to the fastest possible growth of
perturbative terms ðL − 1Þ!ðβ0=2ÞLðαs=πÞL. The coeffi-
cients of powers of ξ are much smaller than the
ξ-independent terms.
III. EFFECT OF A LIGHTER-FLAVOR MASS
Now we suppose that nm light flavors have a nonzero
mass m, while the remaining n0 ¼ nl − nm light flavors are
massless. In practice, nm ¼ 1, e.g., c in b-quark HQET. In
this case the massless result (7) for the matching coefficient
should be multiplied by the additional factor
z0 ¼ Z
os
Q ðgðnfÞ0 ; ξðnfÞ0 ; mðnfÞ0 Þ
ZosQ ðgðnfÞ0 ; ξ
ðnfÞ
0 ; 0Þ
Zosh ðgðnlÞ0 ; ξðnlÞ0 ; 0Þ
Zosh ðgðnlÞ0 ; ξðnlÞ0 ; mðnlÞ0 Þ
; ð11Þ
where ZosQ;hð…; 0Þ≡ ZosQ;hð…Þ in Eq. (2) and
Zosh ðgðnlÞ0 ; ξðnlÞ0 ; 0Þ ¼ 1. This factor does not depend on
the renormalization scale μ. In the expression
log z0 ¼ logZosQ ðgðnfÞ0 ; ξðnfÞ0 ; mðnfÞ0 Þ
− logZosQ ðgðnfÞ0 ; ξðnfÞ0 ; 0Þ
− logZosh ðgðnlÞ0 ; ξðnlÞ0 ; mðnlÞ0 Þ ð12Þ
we reexpress all terms via α
ðnfÞ
s ðMÞ, ξðnfÞðMÞ and the
on-shell lighter-flavor massm (it is the same in both nf and





If we express z0 via αðnfÞs ðμÞ, ξðnfÞðμÞ, the coefficients will










¼ −2ε − 2βðnfÞðαðnfÞs ðμÞÞ;





Ultraviolet divergences cancel in each fraction in (11).
On the other hand, the on-shell wave function renormal-
ization factors have extra infrared divergences at m ¼ 0.
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However, z0 in Eq. (11) has a smooth limit for x → 0. In the
following we illustrate the cancellation for infrared diver-
gences at two-loop order. Similar mechanisms are also at
work at higher loop orders. For dimensional reasons the
two-loop corrections in Fig. 1(a) lead to logZosh ðmÞ∼
g40m
−4ε. Furthermore, we have logZosh ð0Þ ¼ 0. Thus, the
limit x → 0 is discontinuous. In QCD [Fig. 1(b)] we have
logZosQ ð0Þ ∼ g40M−4ε for dimensional reasons. For m ≪ M
there are 3 regions (see [28,29]):
(i) Hard (all momenta ∼M): a regular series in
m2, logZosQ ðmÞjhard ¼ logZosQ ð0Þ½1þOðx2Þ.
(ii) Soft-hard (momentum of one m-line is ∼m, all the
remaining momenta are ∼M). If we take the term m
from the numerator =kþm of the soft propagator,
there is another factorm in the numerator of the hard
mass-m propagator, and the soft-loop integral is
∼m2−2ε; if we take =k instead, we have to expand the
hard subdiagram in k up to the linear term, and the
soft loop is ∼m4−2ε. We obtain logZosQ ðmÞjsoft−hard ∼
g40M
−2εm−2εx4.
(iii) Soft (all momenta ∼m): the leading term is the
HQET one, the Taylor series is in x (not in x2),
logZosQ ðmÞjsoft ¼ logZosh ðmÞ½1þOðxÞ.
As a result, logZosQ ðmÞjhard − logZosQ ð0Þ is smooth at x → 0;
logZosQ ðmÞjsoft−hard is subleading and hence smooth;
logZosQ ðmÞjsoft has the same discontinuity as logZosh ; hence
log z0 (12) has a smooth limit 1 at x → 0.
The two-loop term in ZosQ ðgðnfÞ0 ; ξðnfÞ0 ; mðnfÞ0 Þ has been
calculated up to ε0 in [7]; the result exact in ε has been
obtained in [30]. The three-loop term has been calcu-
lated up to ε0 in [31]. Some master integrals are only
known as truncated series in x or as numerical inter-
polations, see [32] for detailed discussion of these
master integrals. Exact results in x for the coefficient
of CFT2Fnmn0α
3
s can be obtained using the formulas of
Appendix B.
TheHQETrenormalization constantZosh ðgðnlÞ0 ; ξðnlÞ0 ; mðnlÞ0 Þ
at two loops has been calculated in [22], and at three
loops in [33] (one of the master integrals is discussed in
[34]; note that there are some typos in formulas in the
journal version of [33] fixed later in arXiv).
Altogether we are now in the position to obtain z0
up to three loops. The expansion of z0 in terms of
α
ðnfÞ
s ðMÞ and its decomposition into color factors is
given by















ðCFAF þ CAAA þ TFn0Al










π2xþ ð4 log xþ 7Þx2 − 5
2
π2x3 þ ð6log2xþ π2Þx4

: ð16Þ



























































For illustration we show in Fig. 2 A0ðxÞ for x ∈ ½0; 1. The OðεÞ term at two loops reads
(a) (b)
FIG. 1. Two-loop contributions to the on-shell wave-function
renormalization constants: (a) in HQET; (b) in QCD.






ð1 − xÞð2 − x − x2 − 6x3Þð2H1;1;0ðxÞ − 4H1;−1;0ðxÞÞ
þ ð1þ xÞð2þ x − x2 þ 6x3Þð2H−1;−1;0ðxÞ − 4H−1;1;0ðxÞ − π2H−1ðxÞÞ
þ ð1 − xÞð9 − 6xþ 6x2 − 17x3ÞH1;0ðxÞ − ð1þ xÞð9þ 6xþ 6x2 þ 17x3ÞH−1;0ðxÞ





























































































where L ¼ log x.
At three-loop order the CFT2Fnmn0α
3






















ð1 − xÞð19 − 11xþ x2 − 39x3ÞH1;0ðxÞ þ
1
6
ð1þ xÞð19þ 11xþ x2 þ 39x3ÞH−1;0ðxÞ
















































































































where after the second equality sign we show the expansion in x. In principle, it is straightforward to obtain exact results in x




s term. However, we refrain from presenting such results because the remaining four-loop
color structures are not known.
The remaining three-loop terms can be obtained in a series expansion in x with the help of the result from [31]. Including




























































































































































































π4 þ 7π2 − 7
3
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Starting from three loops the individual terms in Eq. (12)
are gauge parameter dependent. However, ξ cancels in the
three-loop expression for z0. It might be that z0 is gauge
invariant to all orders, but we have no proof of this
conjecture.
IV. THE QED AND BLOCH–NORDSIECK
HEAVY-LEPTON FIELDS
In QED thematching coefficient zðμÞ is gauge invariant to
all orders in α [5]. The proof given in this paper is literally
valid only for nf ¼ 1 lepton flavor, but can be easily
generalized for any nf, as we demonstrate in the following.
The QED on-shell renormalization constant Zosψ is gauge
invariant to all orders [10,35,36]. Gauge dependence of the
MS Zψ can be found using the so-called LKF trans-
formation [37,38] for arbitrary nf. In the gauge where

















where SLðxÞ is the Landau-gauge propagator. In the
covariant gauge ΔðkÞ ¼ ð1 − ξ0Þ=ðk2Þ2, and Δ̃ð0Þ ¼ 0 in
dimensional regularization. The lepton fields renormaliza-
tion does not depend on their masses, so, let us assume that
all nf flavors are massless. The propagator has a single
Dirac structure
SðxÞ ¼ S0ðxÞeσðxÞ;
where S0ðxÞ is the d-dimensional free propagator. Then















FIG. 2. The function A0ðxÞ.
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reexpressing this result via the renormalized quantities, we
obtain




In QED ZAZα ¼ 1 due to Ward identities, hence
d logðð1 − ξðμÞÞαðμÞÞ
d log μ
¼ −2ε
exactly, and the anomalous dimension




contains ξ only in the one-loop term.
In the Bloch-Nordsieck EFT with nl light lepton flavors
Zosh is gauge-invariant (even if some of these flavors have
nonzero masses). Gauge dependence of the MS Zh can be
found using exponentiation. The full bare propagator is






where wi are webs [39,40]. In QED all webs have even
numbers of photon legs; all webs with >2 legs are gauge
invariant; all 2-leg webs except the trivial one (the free













reexpressing this result via the renormalized quantities, we
obtain








Finally, in the abelian case ζαðμÞ ¼ ζAðμÞ−1 due
to Ward identities, hence ð1 − ξðnfÞðμÞÞαðnfÞðμÞÞ ¼
ð1 − ξðnlÞðμÞÞαðnlÞðμÞÞ, and we arrive at the conclusion that
zðμÞ is gauge invariant (some light flavors may be massive,
this does not matter).
Let us in the following specify zðMÞ from Eq. (7) to
QED. Setting CF ¼ TF ¼ dFF ¼ 1 and CA ¼ dFA ¼ 0 we
see that our four-loop result is indeed gauge invariant and is
given by
















































































































































































































































































































































































































































where α ¼ αðnfÞðMÞ; LQED ¼
P
i¼0;1;2;3;l Li is the ε0 term
in Zð4Þ2 of Eq. (26) in [14]. Its numerical value is given in
Eq. (15) in this paper.
Numerically, in pure QED (nl ¼ 0) at ε ¼ 0 we have





















where α ¼ αð1ÞðMÞ, the MS QED coupling with one active
flavor at μ ¼ M, the on-shell electron mass. In contrast to
the QCD case (7) the coefficients are numerically smaller
and have different signs.
V. CONCLUSION
We have calculated the (finite) matching coefficient
between the QCD heavy-quark field Q and the correspond-
ing HQET field hv up to four loops. Explicit results are
presented for μ ¼ M; results for different values of μ can be
obtained with the help of (known) renormalization group
equations. The effect of a nonzero light-flavor mass (e.g., c
in b-quark HQET) is calculated up to three loops. We also
present results for the matching constant in QED.
As a possible application of our results we want to
mention the possibility to obtain the QCD heavy-quark
propagator (say, in Landau gauge) from lattice QCD results
for the HQET propagator. A heavy-quark field can be put
onto the lattice only if Ma ≪ 1, where a is the lattice
spacing. On the other hand, in HQET simulations there is
no lattice hv field at all. The HQET propagator is just a
straight Wilson line, i.e., a product of lattice gauge links. It
is therefore much easier to obtain the HQET propagator
from lattice simulations. After taking the continuum limit,
one can get the continuum coordinate-space HQET propa-
gator. Then the QCD heavy-quark propagator can be
obtained with the help of the matching coefficient zðμÞ,
provided that 1=Mn corrections can be neglected. Note that
this can be done for arbitrarily heavy QCD quark, including
the case when the use of the dynamic heavy-quark field
on the lattice is impossible.
The main results can be found in the Mathematica files
that we provide as Supplementary Material [41].
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APPENDIX A: THE COUPLING AND
GLUON-FIELD DECOUPLING COEFFICIENTS
The nl-flavor QCD strong coupling constant and gauge
parameter are related to the corresponding quantities in the
nf-flavor theory by the decoupling relations
αðnlÞs ðμÞ ¼ ζαðμÞαðnfÞs ðμÞ;
1 − ξðnlÞðμÞ ¼ ζAðμÞ½1 − ξðnfÞðμÞ: ðA1Þ




¼ 2½βðnfÞðαðnfÞs ðμÞÞ − βðnlÞðαðnlÞs ðμÞÞ;
d log ζAðμÞ
d log μ
¼ γðnfÞA ðαðnfÞs ðμÞ; ξðnfÞðμÞÞ
− γðnlÞA ðαðnlÞs ðμÞ; ξðnlÞðμÞÞ: ðA2Þ
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It is sufficient to have initial conditions, say, at μ ¼ M for
solving these equations. For the computation of zðMÞ we
need the decoupling coefficients up to α3sε. Up to the order
α2s expression exact in ε can be found in [42]. The finite
three-loop results have been obtained in [43] in term of Nc
and in [44] for an arbitrary color group. The α3sε terms were
derived in the course of four-loop calculations [44–46].
However, results for an arbitrary color group, including
positive powers of ε, are not explicitly presented in these
publications. Therefore, we present them here:















































































































































































































































































































































































































































































































































































































































































where αs ¼ αðnfÞs ðMÞ, ξ ¼ ξðnfÞðMÞ.
APPENDIX B: ON-SHELL DIAGRAMS
WITH TWO MASSES
Light-quark mass effects in the heavy-quark on-shell
propagator diagrams arise for the first time at two loops,
see Fig. 1(b). The corresponding integral family can be
defined as
ðB1Þ
with p2 ¼ M2. If there are insertions to gluon lines
in Fig. 1(b) containing only massless lines, such diagrams
are expressed via the integrals (B1) with n2 ¼ nþ lε,
where l is the total number of loops in these insertions
and n is integer (n1;3;4 are always integer). These integrals
have been studied in [30]. The IBP algorithm obtained there
reduces them to four master integrals
ðB2Þ
We set M ¼ 1 and m ¼ x.
It is more convenient to use the column vector
j ¼ ðI0;lε;2;2; I2;lε;2;0; I2;lε;2;1; I1;lε;2;2ÞT ðB3Þ
as master integrals instead of (B2). Differentiating them in




¼ Mðε; xÞj: ðB4Þ
In many cases such equations can be reduced to an
ε-form [48]
ANDREY G. GROZIN et al. PHYS. REV. D 102, 054008 (2020)
054008-14
j ¼ Tðε; xÞJ; dJ
dx
¼ εMðxÞJ: ðB5Þ
This makes their iterative solution to any order in ε
almost trivial.
Several terms of small-x and large-x expansions of these
integrals (with l ¼ 0) were obtained in [49] using the
method of regions (though expressed in a somewhat differ-
ent language). Differential equations for on-shell sunsets
In1;0;n3;n4 were considered in [33,50], but they were not in
ε-form. Several terms of small-x expansions were obtained
from differential equations in [51]. However, the easiest
way to obtain any finite number of terms in the small-x and
large-x expansions is neither the method of regions nor
differential equations, but calculating the corresponding
residues in the Mellin–Barnes representation [30].
We use the Mathematica package LIBRA [52] which
implements the algorithm of [53] to reduce the master
integrals j in Eq. (B3) to a canonical basis J:
j1 ¼ I0;lε;2;2 ¼ CV2;2;lεx−2ðlþ2Þε ¼
2ð1 − ðlþ 1ÞεÞ
ðlþ 2Þð1 − εÞ J1;
j2 ¼ I0;lε;2;0 ¼ CV2M2;lεx−2ε ¼
1 − 2ðlþ 1Þε
1 − ðlþ 2Þε J2;














































−2ðlþ 2Þ 0 0 0
0 −2 0 0
1 −1 −ðlþ 2Þ lþ 2






0 0 0 0
0 0 0 0
1 −1 2 2ðlþ 2Þ






0 0 0 0
0 0 0 0
0 0 0 0
−1 1 −2ðlþ 2Þ −2
1
CCCA: ðB12Þ





Γð1 − ðlþ 1ÞεÞΓ2ð1þ ðlþ 1ÞεÞΓð1þ ðlþ 2ÞεÞ




Γð1 − 2ðlþ 1ÞεÞΓð1þ ðlþ 1ÞεÞ
Γð1 − ðlþ 2ÞεÞΓð1þ εÞ : ðB13Þ
The equations for J3;4 can be solved iteratively in terms
of harmonic polylogarithms [54] of x. However, we need
initial conditions. They can be fixed using the asymptotics
of In1n2n3n4 at x → 0. It is given by contributions of three
regions (Sec. III) corresponding to residues of the Mellin–
Barnes representation [30] at three series of poles:
(i) Hard: the poles s ¼ −n − n3 − n4 þ d=2 (n ≥ 0 is
integer), the result is a regular series in x2. The
leading term is CGn3n4Mn1;n2þn3þn4−d=2, where
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ðB14Þ
(ii) Soft-hard: s ¼ −n − n3;4. All these poles are double
except the first jn3 − n4j ones (and hence, the repre-
sentation of In1n2n3n4 via hypergeometric functions
of x is awkward). We assume n3 ≥ n4, then the result
is xd−2n3 times a regular series in x2. If n3 > n4 then
the leading term is CVn3Mn1;n2þn4x
d−2n3 ; if n3 ¼ n4
there is an extra factor 2 because each of the lines 3, 4
can be soft.
(iii) Soft: s ¼ ðn1 − d − nÞ=2þ n2, the result is
x2ðd−n2−n3−n4Þ−n1 times a regular series in x. The









Γ2ð1 − εÞΓð1 − 2ðlþ 2ÞεÞΓð1þ ðlþ 2ÞεÞ
Γð1 − 2εÞΓð1 − ðlþ 3ÞεÞΓð1þ εÞ −
x−2ε
lþ 1
Γð1 − 2ðlþ 1ÞεÞΓð1þ ðlþ 1ÞεÞ




Γð1 − ðlþ 1ÞεÞΓ2ð1þ ðlþ 1ÞεÞΓð1þ ðlþ 2ÞεÞ
Γð1 − εÞΓ2ð1þ εÞΓð1þ 2ðlþ 1ÞεÞ

; ðB15Þ
where the 3 contributions are the hard one CG21M2;1þðlþ1Þε (the pole s ¼ −1 − ε), the soft-3 one CV2M2;1þlε (the pole
s ¼ −1), and the soft one CH2;lε;2;1x−2ðlþ2Þε (the pole s ¼ −1 − ðlþ 1Þε). The leading asymptotics of I1;lε;2;2 is given by the
soft contribution CH1;lε;2;2x−1−2ðlþ2Þε (the pole s ¼ −3=2þ ðlþ 1Þε):
I1;lε;2;2 → 2−1−4ðlþ2Þεπ2x−1−2ðlþ2Þε
1 − 2ðlþ 1Þε
1 − 2ε
Γð1 − εÞΓð1 − 2ðlþ 1ÞεÞ
Γð1 − 2εÞΓð1 − ðlþ 1ÞεÞ
×
Γð1þ 2ðlþ 1ÞεÞΓð1þ 2ðlþ 2ÞεÞ
Γ2ð1þ εÞΓ2ð1þ ðlþ 1ÞεÞΓð1þ ðlþ 2ÞεÞ : ðB16Þ








−ðlþ 2Þð2H1;−1;0ðxÞ þH0;1;0ðxÞ þH0;−1;0ðxÞÞ þ 2H1;1;0ðxÞ
− 2ðlþ 3ÞH0;0;0ðxÞ − l
π2
6











ðlþ 2Þ2ð−2H1;−1;1;0ðxÞ þH0;1;−1;0ðxÞ −H0;−1;1;0ðxÞ þH0;0;1;0ðxÞ þH0;0;−1;0ðxÞÞ
þ ðlþ 1Þðlþ 2ÞðH1;0;1;0ðxÞ þH1;0;−1;0ðxÞÞ
þ ðlþ 2Þð−2H1;1;−1;0ðxÞ þ 2H1;−1;−1;0ðxÞ −H0;1;1;0ðxÞ þH0;−1;−1;0ðxÞ − 2H1;0;0;0ðxÞÞ þ 2H1;1;1;0ðxÞ
þ 2ðl2 þ 5lþ 7ÞH0;0;0;0ðxÞ þ
π2
12
½−2lH1;1ðxÞ − ðlþ 2Þð5lþ 6Þð2H1;−1ðxÞ þH0;−1ðxÞÞ




















−ðlþ 2Þð2H−1;1;0ðxÞ −H0;−1;0ðxÞ −H0;1;0ðxÞÞ þ 2H−1;−1;0ðxÞ
− 2ðlþ 3ÞH0;0;0ðxÞ − ð5lþ 6Þ
π2
6











ðlþ 2Þ2ð2H−1;1;−1;0ðxÞ þH0;−1;1;0ðxÞ −H0;1;−1;0ðxÞ −H0;0;−1;0ðxÞ −H0;0;1;0ðxÞÞ
þ ðlþ 1Þðlþ 2ÞðH−1;0;−1;0ðxÞ þH−1;0;1;0ðxÞÞ
þ ðlþ 2Þð2H−1;−1;1;0ðxÞ − 2H−1;1;1;0ðxÞ −H0;−1;−1;0ðxÞ þH0;1;1;0ðxÞ þ 2H−1;0;0;0ðxÞÞ − 2H−1;−1;−1;0ðxÞ
þ 2ðl2 þ 5lþ 7ÞH0;0;0;0ðxÞ þ
π2
12
½2ð5lþ 6ÞH−1;−1ðxÞ þ lðlþ 2Þð2H−1;1ðxÞ −H0;1ðxÞÞ











Up to order ε1 all harmonic polylogarithms can be trans-
formed to logarithms and ordinary polylogarithms up to
Li3, e.g., using the Mathematica package HPL [55,56].
Next we consider the case x > 1. We can rewrite the














It can be solved in terms of harmonic polylogarithms of
x−1, this is convenient for x > 1. We use the asymptotics
x → þ∞ for boundary conditions. There are 2 regions:
(i) All lines in (B1) are hard (momenta of order m).
This corresponds to the series of right poles in the
Mellin–Barnes representation s¼nþn1þn2−d=2,
i.e., to the first term in the hypergeometric represen-
tation (A1) in [30], and gives x2ðd−n1−n2−n3−n4Þ times a
regular series in x−2. The leading contribution to
In1n2n3n4 is CVn3;n4;n1þn2x
2ðd−n1−n2−n3−n4Þ.
(ii) Lines 1, 2 are soft (momenta of order M). This
corresponds to right poles at s ¼ n, i.e., to the
second hypergeometric term, and gives xd−2ðn3þn4Þ
times a regular series in x−2. The leading asymp-
totics is CMn1n2Vn3þn4x
d−2ðn3þn4Þ.
For I2;lε;2;1 these two contributions are ∼x−2−2ε and
∼x−2−ðlþ2Þε; for I1;lε;2;2 the leading contribution is hard,
∼x−2−ðlþ1Þε. This information is sufficient for solving the





−ðlþ 4ÞH0;1;0ðx−1Þ − 2ðlþ 3ÞH1;0;0ðx−1Þ þ ðlþ 2Þð2H1;−1;0ðx−1Þ þH0;−1;0ðx−1ÞÞ








ðlþ 2Þ2ð2H1;−1;1;0ðx−1Þ þH0;−1;1;0ðx−1ÞÞ þ ðlþ 2Þðlþ 5ÞH1;0;−1;0ðx−1Þ
þ ðlþ 2Þðlþ 4ÞðH0;1;−1;0ðx−1Þ þH0;0;−1;0ðx−1ÞÞ þ ðlþ 2Þðlþ 3Þð2H1;−1;0;0ðx−1Þ þH0;−1;0;0ðx−1ÞÞ
− ðlþ 3Þðlþ 4ÞH0;1;0;0ðx−1Þ − ðl2 þ 6lþ 10ÞH0;0;1;0ðx−1Þ − ðl2 þ 5lþ 8ÞH1;0;1;0ðx−1Þ
− 2ðl2 þ 5lþ 7ÞH1;0;0;0ðx−1Þ − ðlþ 4ÞH0;1;1;0ðx−1Þ − 2ðlþ 3ÞH1;1;0;0ðx−1Þ















ðlþ 4ÞH0;−1;0ðx−1Þ þ 2ðlþ 3ÞH−1;0;0ðx−1Þ þ ðlþ 2Þð2H−1;1;0ðx−1Þ −H0;1;0ðx−1ÞÞ








ðlþ 2Þ2ð−2H−1;1;−1;0ðx−1Þ þH0;1;−1;0ðx−1ÞÞ þ ðlþ 2Þðlþ 5ÞH−1;0;1;0ðx−1Þ
þ ðlþ 2Þðlþ 4ÞðH0;−1;1;0ðx−1Þ −H0;0;1;0ðx−1ÞÞ þ ðlþ 2Þðlþ 3Þð2H−1;1;0;0ðx−1Þ −H0;1;0;0ðx−1ÞÞ
þ ðlþ 3Þðlþ 4ÞH0;−1;0;0ðx−1Þ þ ðl2 þ 6lþ 10ÞH0;0;−1;0ðx−1Þ − ðl2 þ 5lþ 8ÞH−1;0;−1;0ðx−1Þ
þ 2ðl2 þ 5lþ 7ÞH−1;0;0;0ðx−1Þ − ðlþ 4ÞH0;−1;−1;0ðx−1Þ − 2ðlþ 3ÞH−1;−1;0;0ðx−1Þ









This is, of course, the analytical continuation of (B17) to
x > 1. The same results (B19) can be obtained if we
express J3;4 via I2;lε;2;1 and I1;lε;2;2 using (B6) and expand
the hypergeometric representations (see Eq. (A1) in [30]) of
these two integrals in ε using the Mathematica package
HypExp [57,58]. However, solving the differential equa-
tions (B18) up to higher orders in ε is simpler than
expanding hypergeometric functions.
















































If l ¼ 0 and x ¼ 1, we obviously have I1022ð1Þ ¼ I2021ð1Þ,
and hence
J3ð1Þ ¼ −2J4ð1Þ ¼ −4I2021ð1Þ: ðB21Þ
Expanding the hypergeometric representation [30] of
I2021 (or I1022) at x ¼ 1 in ε we get (B20) with l ¼ 0.
Alternatively, we can use another hypergeometric repre-





Γð1 − εÞΓ2ð1þ 2εÞΓð1þ 3εÞ










where B4ðεÞ is given by the formulas (41), (43) in [9]. This
leads to the same result.
The functions L∓ðxÞ ¼ − 12 J3;4ðl ¼ 0; ε ¼ 0Þ were used
in [7,8,22,30]. In addition to the two expressions for these
functions in (B17) and (B19), several additional represen-
tations can be found in [30].
The results (B17) and (B19) are expansions in ε where
the coefficients are exact functions of x. On the other
hand, it is straightforward to obtain expansions of J3;4 in x
(or x−1) to any finite order using residues of left (or right)
poles in the Mellin–Barnes representations of the integrals
j3;4 (B3), the coefficients being exact functions of ε. If we
expand them in ε, they should agree with expansions
of (B17) in x and of (B19) in x−1. We have checked this
up to rather high degrees of x and x−1.
Now we can find all contributions to Zosj (j ¼ M, Q)
with the maximum number of quark loops, at most one of




















where g0 ≡ gðnfÞ0 , n0 is the number of massless flavors, the
sum runs over all massive flavors with xi ¼ mi=M (includ-
ing the external flavor with x ¼ 1) and dots refer to other
color structures. Here




























































ð1− 2εÞð1− ðlþ 1ÞεÞð2− ðlþ 1ÞεÞ ;
p1 ¼ 2ð1− εÞð1− lεÞ;
p2 ¼
ð1− ðlþ 1ÞεÞð2þðl− 3Þε− 2ðl− 1Þε2Þ
1þðl− 1Þε ;
p3 ¼−4ð1− εÞð1þðl− 1ÞεÞð1− lεÞ;
p4 ¼
2þð3l− 5Þε− ðl− 1Þð5l− 1Þε2þ 4ðl− 1Þ2ε3ð2− εÞ
1þðl− 1Þε ;
p5 ¼ ½2− ð5lþ 13Þεþðl2− 6lþ 29Þε2
þ 2ðl3− l2þ 9l− 13Þε3− 8ðl− 1Þε4=½1þðl− 1Þε;
p6 ¼ 4ð1− εÞð3−2εÞð1− lεÞ:




BðlÞM ðxÞ ¼ BðlÞM0P; ðB25Þ
so that ZosM has a smooth limit x → 0; this is not so
for ZosQ .
The contribution of these color structures to the ratio of
the MS mass and the on-shell one zmðμÞ ¼ MðμÞ=M can be
written as
zmðMÞ ¼ zðβ0Þm þ
X
i
ΔmðxiÞ þ    ; ðB26Þ











































Note that we first expand SðuÞ in u, then integrate term-by-
term assuming β0 > 0, and at the very end substitute
β0 → −ð4=3ÞTFnf. ΔmðxÞ comes from the differences of
diagrams with a single massive quark loop and correspond-
ing diagrams with all quark loops being massless and is
given by












ð1 − xÞ2ð1þ xþ x2ÞH1;0ðxÞ − ð1þ xÞ2ð1 − xþ x2ÞH−1;0ðxÞ þ 2x4H0;0ðxÞ












































ð1 − xÞ2ð13þ 10xþ 13x2ÞH1;0ðxÞ
þ 1
12




















ð1 − xÞ2ð1þ xþ x2Þ
×

−2H1;−1;1;0ðxÞ þH1;0;1;0ðxÞ þH1;0;−1;0ðxÞ −
π2
6









þ ð1þ xÞ2ð1 − xþ x2Þ
×

2H−1;1;−1;0ðxÞ þH−1;0;−1;0ðxÞ þH−1;0;1;0ðxÞ þ
π2
6











−H0;1;−1;0ðxÞ þH0;−1;1;0ðxÞ −H0;0;1;0ðxÞ −H0;0;−1;0ðxÞ þ
4
3






































ð1 − xÞ2ð89þ 68xþ 89x2ÞH1;0ðxÞ −
1
72
ð1þ xÞ2ð89 − 68xþ 89x2ÞH−1;0ðxÞ









x2ð6þ 13x2Þζ3 − xð5þ 5x2 − 2x3Þ
π4
30










Note that Δmð0Þ ¼ 0. Expanding the three-loop term in x we reproduce the series (up to x8) obtained in [31]. The three-
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The three- and four-loop terms here agree with [11] and
[12]. We do not present lower-loop terms of zm with
positive powers of εwhich may be needed when this ratio is
used within calculations containing 1=ε divergences; these
terms can be easily obtained from Eqs. (B23) and (B24).





(i.e., the maximum number of quark loops, one of them is
massive with mass mi) can be calculated using Eq. (B10).
The results read
Zosh ¼ 1þ CF
X∞
l¼2











þ    ;
BðlÞh ¼ 4
ð3 − 2εÞð1þ ðl − 1ÞεÞΓ2ð1þ ðl − 1ÞεÞ
lðl − 1Þð3þ 2ðl − 1ÞεÞΓð2 − εÞΓ2ð1þ εÞ
×
Γð1 − ðl − 1ÞεÞΓð1þ lεÞ
Γð2þ 2ðl − 1ÞεÞ ; ðB30Þ
where g0 ≡ gðnlÞ0 and dots denote other color structures. The
(l ¼ 2)-loop term agrees with [22], and the three-loop one
with the corresponding color structure in [33]. According to
the regions-based argument in Sec. III,
lim
x→0
½BðlÞQ ðxÞ − BðlÞQ0P − BðlÞh x−2lε ¼ 0: ðB31Þ
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